Abstract. An automorphism f of a closed orientable surface Σ is said to be extendable over the 3-sphere S 3 if f extends to an automorphism of the pair (S 3 , Σ) with respect to some embedding Σ ֒→ S 3 . We prove that if an automorphism of a genus-2 surface Σ is extendable over S 3 , then f extends to an automorphism of the pair (S 3 , Σ) with respect to an embedding Σ ֒→ S 3 such that Σ bounds genus-2 handlebodies on both sides. The classification of essential annuli in the exterior of genus-2 handlebodies embedded in S 3 due to Ozawa and the second author plays a key role.
Introduction
Let Σ g be the closed orientable surface of genus g. An automorphism f of Σ g is said to be null-cobordant if f extends to an automorphism of a compact orientable 3-manifold M with respect to an identification Σ g = ∂M . In Bonahon [1] , it is proved that if f is an orientation-preserving, null-cobordant, periodic automorphism of Σ g , then the above M can be chosen to be a handlebody. It is also showed in the same paper that the same consequence holds for an arbitrary irreducible automorphism of Σ 2 . These results give partial answers to the problem: Given an automorphism f of Σ g that extends to an automorphism of a certain 3-manifold M with ∂M = Σ g , find the "simplest" 3-manifold among such M for f . In fact, a handlebody of genus g is definitely the "simplest" 3-manifold with the boundary Σ g .
An automorphism f of Σ g is said to be extendable over S 3 if f extends to an automorphism of the pair (S 3 , Σ g ) with respect to an embedding Σ g ֒→ S 3 . In particular, if we can choose the above embedding Σ g ֒→ S 3 to be standard (i.e. an embedding such that Σ g bounds handlebodies on both sides), we say that f is standardly extendable over S 3 . An automorphism of Σ g extendable over S 3 is clearly null-cobordant, but the converse is false. Indeed, the Dehn twist along a non-separating simple closed curve on Σ g is null-cobordant, but not extendable over S 3 (see Section 3) . As an analogy of the above-mentioned problem for null-cobordant automorphisms, the following problem naturally arises:
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Problem. Given an automorphism f of Σ g that extends to an automorphism of the pair (S 3 , Σ g ) with respect to an embedding Σ g ֒→ S 3 , find the "simplest" such an embedding Σ g ֒→ S 3 for f .
The best candidate for the "simplest" embedding Σ g ֒→ S 3 is definitely a standard one. There is a series of studies by Guo-Wang-Wang [25] , Guo-Wang-Wang-Zhang [9] abd Wang-Wang-Zhang-Zimmermann [26, 27, 28] considering finite subgroups of the automorphism group Homeo(Σ g ) of Σ g that extend to subgroups of Homeo(S 3 , Σ g ) with respect to some Σ g ֒→ S 3 . A direct consequence of their results is that a periodic automorphism of Σ 2 that is extendable over S 3 is actually standardly extendable over S 3 . In the present paper, we show that we can remove the periodicity condition here. In fact, we prove the following: Theorem 3.3. Let f be an automorphism of a closed orientable surface of genus two. If f is extendable over S 3 , then f is standardly extendable over S 3 .
It is easily seen that the same fact is valid for a closed surface of genus less than two as well, see Section 3. The case of higher genera remains open. The classification of essential annuli in the exteriors of genus-two handlebodies embedded in S 3 (see Section 2) given by [19] plays a key role in our proof of Theorem 3.3.
Throughout the paper, we will work in the piecewise linear category. Any surfaces in a 3-manifold are always assumed to be properly embedded, and their intersection is transverse and minimal up to isotopy. For convenience, we will not distinguish surfaces, compression bodies, e.t.c. from their isotopy classes in their notation. Nbd(Y ) will denote a regular neighborhood of X, Cl(X) the closure of X, and Int(X) the interior of X for a subspace X of a space, where the ambient space will always be clear from the context. The number of components of X is denoted by #X. Let M be a 3-manifold, and let L ⊂ M be a submanifold, or a graph. When L is 1 or 2-dimensional, we write E(L) = Cl(M \ Nbd(L)). When L is of 3-dimension, we write E(L) = Cl(M \ L).
Preliminaries
Let L 1 , L 2 , . . . , L n , R be possibly empty subspaces of a compact orientable 3-manifold M . We will denote by Homeo(M, L 1 , L 2 , . . . , L n rel R) the group of automorphisms of M which map L i onto L i for any i = 1, 2, . . . , n and which are the identity on R. The mapping class group, denoted by MCG(M, L 1 , L 2 , . . . , L n rel R), is defined to be the group of isotopy classes of elements of Homeo(M, L 1 , L 2 , . . . , L n rel R). When R = ∅, we will drop rel R. The "plus" subscripts, for instance in Homeo
. . , L n rel R), respectively, consisting of orientation-preserving automorphisms (or their classes) of M .
1.1. Handlebodies. Let V be a handlebody. A simple closed curve c on ∂V is said to be primitive if there exists a disk D properly embedded in V such that the two loops c and ∂D intersect transversely in a single point. Suppose that V is embedded in S 3 so that the exterior W := E(V ) is also a handlebody. Then disk D properly embedded in V is said to be primitive if ∂D is primitive in W . Lemma 1.1. Let V be a handlebody of genus two, and E be a separating essential disk. Let c be a simple closed curve on ∂V with ∂E ∩ c = ∅ and [c] = 1 ∈ π 1 (V ). Then there exists a unique non-separating disk D in V with D ∩ c = ∅. Further, this disk D is disjoint from E.
Proof. The disk E cuts V into two solid tori X 1 and X 2 . Without loss of generality, we can assume that c ⊂ X 2 . Then a meridian disk D in X 1 with ∂D ⊂ ∂V is disjoint from c, and furthermore, disjoint from E.
We show the uniqueness of D. Assume that there exists a non-separating disk D ′ in V that is disjoint from c and not isotopic to
is again a non-separating disk disjoint from c and
Repeating this process finitely many times, we get a sequence of non-separating disks
Thus, by the previous argument, this is again a contradiction. Corollary 1.2. Let V be a handlebody of genus two, and c be a primitive curve on ∂V . Then there exists a unique non-separating disk D in V with ∂D ∩ c = ∅.
Proof. Since c is primitive, there exists a disk D 0 properly embedded in V such that the two loops c and ∂D 0 intersect transversely in a single point. Then E := Cl(∂N(c ∪ D 0 ) \ ∂V ) is a separating disk in V disjoint from c. The assertion thus follows from Lemma 1.1. Lemma 1.3. Let V be a handlebody of genus two, and E be an essential separating disk in ∂V . Let X 1 and X 2 be the solid tori V cut off by E, and c i (i = 1, 2) be an essential simple closed curve on ∂V ∩ ∂X i satisfying [c i ] = 1 ∈ π 1 (V ). Then E is the unique essential separating disk in V disjoint from c 1 ∪ c 2 .
Proof. Let E ′ be an essential separating disk in V disjoint from c 1 ∪ c 2 . Let D i be a meridian disk of X i satisfying ∂D ⊂ ∂V . Let S be the 4-holed sphere ∂V cut off by ∂D 1 ∪ ∂D 2 . Denote by d 
. Then α := ∂δ ∩ S is a separating arc in S. Without loss of generality, we can assume that the end points of α line in d Put β := ∂E ′ ∩ S. We note that β consists of essential arcs in S, and α ⊂ β. Then it is easily seen that #(
, which is a contradiction.
A pair (V, k) of a handlebody V and the union k = ∪ n i=1 k i of mutually disjoint, mutually non-parallel, simple closed curves k 1 , k 2 , . . . , k n on ∂V is called a relative handlebody. A relative handlebody (V, k) is said to be boundary-irreducible if ∂V \ k is incompressible in V . A surface S in V is said to be essential in (V, k) if S is an incompressible surface disjoint from k, and for every disk
Denote by A(V, k) the subgroup of the mapping class group MCG(V, k) generated by all twists along essential annuli in (V, k). 
is called the interior boundary of W . We remark that the interior boundary is incompressible in W , see Bonahon [1] .
A compression body W with ∂ + W a closed orientable surface of genus two is one of the following (see Figure 2 ): (i) ∂ − W = ∅; (ii) ∂ − W is a torus; (iii) ∂ − W consists of two tori; (iv) ∂ − W is a closed orientable surface of genus two. Figure 2 . The compression bodies with the exterior boundary a closed surface of genus two. Remark. In [1] , Theorem 1.5 is stated under a more general setting.
1.3. W-decompositions. Let M be a boundary-irreducible Haken 3-manifold. An essential annulus or torus S in M is said to be canonical if any other essential annulus or torus in M can be isotoped to be disjoint from S. A maximal system {S 1 , S 2 , . . . , S n } of pairwise disjoint, pairwise non-parallel canonical surfaces in M is called a W-system. Lemma 1.6 (Neumann-Swarup [22] ). The W-system of a boundary-irreducible Haken 3-manifold is unique up to isotopy.
The result of cutting
Lemma 1.7 (Neumann-Swarup [22] ). If M i is not simple, then M i is either a Seifert fibered space or an I-bundle.
Essential annuli in the exterior of a genus-two handlebody in S 3
Essential annuli in the exterior of a handlebody of genus two embedded in S 3 play an important role in our paper. We first briefly review the classification of the essential annuli in the exterior of a handlebody of genus two embedded in S 3 obtained in [19] .
Type 1: Let Γ be a handcuff-graph embedded in S 3 . Let S be a sphere in S 3 that intersects Γ in exactly one edge of Γ twice and transversely. Set V := Nbd(Γ). We call A := S \Int(V ) a Type 1 annulus for V ⊂ S 3 . See Figure 3 . We note that if V ⊂ S 3 admits an essential annulus of Type 1, then there exists an annulus component B of ∂V cut off by ∂A, and A ∪ B forms an essential torus in E(V ). Type 2: Let Γ be a handcuff-graph embedded in S 3 . Assume that one of the two loops of Γ is a trivial knot bounding a disk D such that Int(D) intersects Γ in an edge e once and transversely. Set V := Nbd(Γ) and A := D ∩ E(V ). We call A a Type 2 annulus for V ⊂ S 3 , V . When e is a loop, we say that A is of Type 2-1, and when e is the cut-edge, we say that A is of Type 2-2. See Figure 4 . Type 3: Let X be a solid torus embedded in S 3 . Let A be an annulus properly embedded in E(X) so that ∂A ∩ ∂X consists of parallel non-trivial simple closed curves on ∂X.
• Let τ be a properly embedded trivial simple arc in X with ∂τ ∩ ∂A = ∅.
Then we call A a Type 3-1 annulus for V ⊂ S 3 provided that, if ∂A bounds an essential disk in X, then any meridian disk of X has non-empty intersection with τ . We note that if V ⊂ S 3 admits an essential annulus of Type 3-1, E(V ) is not boundary-irreducible.
• Suppose that ∂A does not bound an essential disk in X. Let τ be a properly embedded simple arc in E(X) with τ ∩ A = ∅. Set V := X ∪ N (τ ). Then we call A a Type 3-2 annulus for V ⊂ S 3 . Let X 1 , X 2 be two disjoint solid tori embedded in S 3 . Assume that there exists an annulus A properly embedded in E(X 1 ⊔ X 2 ) such that A ∩ ∂X i (i = 1, 2) is a simple closed curve on ∂X i that does not bound a disk in X i . Let τ ⊂ E(X 1 ⊔ X 2 ) \ A be a proper arc connecting ∂X 1 and ∂X 2 . Set V := X 1 ∪ X 2 ∪ Nbd(τ ). Then we call A a Type 3-3 annulus for V ⊂ S 3 . An annulus A in the exterior of a genus two handlebody V ⊂ S 3 is called a Type 3 annulus if it is one of Types 3-1, 3-2 and 3-3 annuli. Figure 5 shows schismatic pictures of Type 3 annuli. Type 4: Let K be a knot whose exterior E(K) contains an essential two-holed torus P such that • P cuts E(K) into two handlebodies V and W ; and • ∂P consists of parallel non-integral slopes on ∂N (K). Such a knot is called an Eudave-Muñoz knot. See Eudave-Muñoz [6] for more details of such knots.
• We call A a Type 4-1 annulus for V ⊂ S 3 .
• Let U ⊂ S 3 be a knot or a two component link contained in W so that W \Int(N (U )) is a compression body. Let i : E(U ) → S 3 be a re-embedding such that E(i(E(U ))) is not a solid torus or two solid tori. Then we call i(A) a Type 4-2 annulus for i(V ) ⊂ S 3 . We note that if V ⊂ S 3 admits an essential annulus of Type 4-2, E(V ) contains an essential torus. An annulus A in the exterior of a genus two handlebody V ⊂ S 3 is called a Type 4 annulus if it is one of Types 4-1 and 4-2. Figure 6 depicts schismatic picture of an essential annulus of Type 4. Figure 6 . A Type 4 annulus.
Theorem 2.1 ([19]
). Let V be a handlebody of genus two embedded in S 3 . Then each essential annulus in the exterior of V belongs to exactly one of the four Types listed above.
The following is straightforward.
Lemma 2.2. Let V be a handlebody of genus two embedded in S 3 so that E(V ) is boundary-irreducible and atoroidal. Then E(V ) does not admit Types 1, 3-1 or 4-2 annuli.
Existence of an essential annulus A ⊂ E(V ) sometimes obstruct the existence of essential annuli of some other types disjoint from A. In the following part of this section, we will be concerned with this feature. Lemma 2.3. Let V be a handlebody of genus two embedded in S 3 such that E(V ) is boundary-irreducible and atoroidal. Then E(V ) admits at most one essential annulus of Type 2-1.
where a 1 and a ′ 1 bound disks in V , and a 2 and a ′ 2 are primitive curves on ∂V . Since a 2 is primitive, we have a 1 = a ′ 1 by Corollary 1.2. By slightly pushing the interior of the annulusÂ = A ∪ A ′ into Int(E(V )),Â becomes an incompressible annulus in E(V ) with ∂Â = a 2 ∪ a ′ 2 (see Figure 7 ). We will see that a 2 is isotopic to a ′ 2 on ∂V . IfÂ is parallel to ∂E(V ), then clearly a 2 is isotopic to a ′ 2 . Suppose thatÂ is not parallel to ∂E(V ). By Lemma 1.4 of [19] ,Â is essential in E(V ). Recall that each of a 2 and a ′ 2 is primitive (and so non-separating) in ∂V . Since E(V ) does not admit none of Types 1, 3-1 and 4-2 annuli by Lemma 2.2, such an annulusÂ is one of Types 3-2, Type 3-3 and 4-1 annuli. IfÂ one of Types 3-2 and 4-1 annuli, the boundary circles ofÂ is parallel on ∂V by the definitions. Suppose thatÂ is a Type 3-3 annulus. By the definition of a Type 3-3 annulus, there exists a separating essential disk Figure 7 . The annulusÂ.
that cuts V off into two solid tori X 1 and X 2 with a 2 ⊂ ∂X 1 and a ′ 2 ⊂ ∂X 2 . Note that a 2 (a ′ 2 , respectively) does not bound a disk in X 1 (X 2 , respectively). By Lemma 1.1, the meridian disk D of X 2 is the unique non-separating disk in V disjoint from a 2 . Thus we have ∂D = a 1 . This implies that a 1 ∩ a ′ 2 = ∅, a contradiction. Therefore, in any case we have a 1 = a ′ 1 and a 2 = a ′ 2 . By moving A ′ by isotopy so that a 2 = a ′ 2 and slightly pushing it into Int(E(V )),Â becomes a torus in M . Since E(V ) is atoroidal and irreducible,Â bounds a solid torus in X. Since a 1 bounds a disk in V , a 1 intersects the meridian of X once and transversely. In consequence A ′ can be isotoped to A through X. Lemma 2.4. Let V be a handlebody of genus two embedded in S 3 . If there exists an essential annulus A of Type 2-1 in E(V ), then E(V ) does not admit an essential annulus of Type 3-2 disjoint from A.
Proof. Let A ⊂ E(V ) be an essential annulus A of Type 2-1. Suppose that there exists an essential Type 3-2 annulus A ′ ⊂ E(V ). We will show that A∩A ′ = ∅. Set ∂A = a 1 ⊔a 2 and ∂A ′ = a ′ 1 ⊔ a ′ 2 , where a 1 bounds a disk in V and a 2 is a primitive curve on ∂V . We note that by the definition of a Type 3-2 annulus, a ′ 1 and a ′ 2 are parallel non-separating curves on ∂V . Suppose for a contradiction that A ∩ A ′ = ∅. Let D be a disk in V with ∂D = a 1 . By cutting V along D, we get an unknotted solid torus X in S 3 . Then a 1 , and so a ′ i (i = 1, 2), is the preferred longitude of ∂X. We note that A ′ is a boundary-parallel annulus in E(X). Now V is obtained by attaching a 1-handle N (D) to X, however, anyhow we attach such a 1-handle to X, A ′ becomes boundary-compressible in E(V ). This contradicts the assumption that A ′ is essential in E(V ).
Lemma 2.5. Let V be a handlebody of genus two embedded in S 3 , and let A ⊂ E(V ) be an essential annulus of Type 3-2. Let X be the solid torus for A in the definition of a Type 3-2. Then X is a neighborhood of a torus knot or a cable knot, and A is the cabling annulus for X.
Proof. We first show that A is incompressible in E(X). Suppose that there exists a compressing disk D for A. We note that ∂D is the core of A. If E(X) is not the solid torus, a i (i = 1, 2) is a non-essential simple closed curve on ∂E(X). In this case each component of ∂A bounds a disk in X, so does in V . This contradicts the assumption that A is a Type 3-2 annulus. Thus E(X) is the solid torus. Then both a 1 and a 2 are nonessential on ∂E(X), or both a 1 and a 2 are the preferred longitudes of X. The former is impossible by the same reason as above. In the latter case, there does exist a boundarycompressing disk for A in E(X). In this case, A remains boundary-compressible even in E(V ), which is a contradiction. The annulus A is thus incompressible in E(X).
If E(X) is a solid torus, it follows from Lemma 3.1 of Kobayashi [17] that A is parallel to ∂E(X). This implies that A is boundary-compressible in E(V ), which is a contradiction. Thus E(X) should be the exterior of a non-trivial knot in S 3 . If A is not essential in E(X), A is parallel to ∂E(X) by Lemma 15.18 of Burde-Zieschang [2] . This is again a contradiction. Thus A is essential in E(X)
Proof. Set ∂A = a 1 ⊔ a 2 . Recall that a 1 and a 2 are parallel primitive curves on ∂V . By Corollary 1.2, there exists a unique non-separating disk disjoint from a 1 ∪a 2 . This implies that the solid torus X in the definition of a Type 3-2 annulus is uniquely determined. Indeed, X is obtained by cutting V off by that the non-separating disk.
Lemma 2.7. Let V be a handlebody of genus two embedded in S 3 . Then E(V ) admits at most three disjoint essential annuli of Type 3-2.
Proof. Let A and A ′ be essential annuli of Type 3-2 in E(V ). Set ∂A = a 1 ⊔ a 2 and
Recall that a 1 and a 2 (a ′ 1 and a ′ 2 , respectively) are parallel primitive curves on ∂V . Since there are at most three mutually disjoint, mutually non-parallel, simple closed curves on the surface ∂V of genus two, it suffices to show that if a 1 is parallel to a ′ 1 on ∂V , then A is isotopic to A ′ in E(V ). Suppose a 1 is parallel to a ′ 1 on ∂V . Since a 1 is a primitive curve on ∂V , it follows from Corollary 1.2 that there exists a unique non-separating disk D in V with ∂D ∩ a 1 = ∅. We identify X with Cl(V \ N (D)). By Lemma 2.5, A ′ is isotopic to A in E(X). It is now easy to check that this isotopy can be performed outside N (D).
Let V be a handlebody of genus two embedded in S 3 , and let A ⊂ E(V ) be an essential annulus of Type 4-1. The two circles ∂A are parallel on ∂V , thus cobound an annulus A ′ on ∂V . We note that the union A ∪ A ′ is the boundary of a regular neighborhood N (K) of an Eudave-Muñoz knot K. The annulus A cuts E(V ) off into a solid torus N (K) and a handlebody W of genus two. The core k A ′ of the annulus A ′ is an essential simple closed curve on V . Set P := Cl(∂V \ A ′ ). P is a two-holed torus. (Recall Figure  6) . Since B is non-separating in V , so is in Y 1 . This contradicts Theorem VI.34 of Jaco [11] , which asserts that there is no non-separating essential annuli in Y 1 .
Automorphisms extendable over S 3
It is well known that every closed orientable 3-manifold M can be decomposed into two handlebodies V and W of the same genus g for some g ≥ 0. That is, V ∪W = M and [24] there exists a unique Heegaard splitting of a given genus for S 3 up to isotopy. We say that an embedding ι : Σ g ֒→ S 3 is standard if the image ι(Σ g ) is a Heegaard surface in S 3 .
Definition. Let f be an automorphism of a closed orientable surface Σ g . Then f is said to be extendable over S 3 if there exist an embedding ι : Σ g ֒→ S 3 and an automorphism f :
In particular, if we can choose the above ι to be standard, we say that f is standardly extendable over S 3 .
It is easy to see that the Dehn twist T c along a separating simple closed curve c on Σ g is standardly extendable over S 3 . Indeed, there exists a standard embedding ι : Σ g ֒→ S 3 such that ι(c) bounds disks on both sides. On the other hand, the Dehn twist T c ′ along a non-separating simple closed curve c ′ on Σ g is not extendable over S 3 . This is because if T c ′ is extendable over S 3 , there should exist a non-separating 2-sphere in S 3 by Theorem 3.1 below, which is a contradiction. [21] ). Let M be a compact orientable 3-manifold, and c 1 , c 2 , . . . , c n be mutually disjoint simple closed curves on ∂M . If (powers of) Dehn twists along c 1 , c 2 , . . . , c n extend to an automorphism of M , then for each i ∈ {1, 2, . . . , n}, either c i bounds a disk in M , or for some j = i, c i and c j cobound an incompressible annulus in M .
Theorem 3.1 (McCullough
In [9] , Guo-Wang-Wang-Zhang determined all periodic automorphisms of the closed surface Σ 2 of genus two that is extendable over S 3 . They showed that among the twentyone (conjugacy classes of) periodic maps of Σ 2 , exactly thirteen maps are extendable over S 3 . They described those maps explicitly, and as a direct consequence, we have the following: Theorem 3.2 (Guo-Wang-Wang-Zhang [9] ). Let f be a periodic automorphism of a closed surface of genus two. If f is extendable over S 3 , then f is standardly extendable over S 3 .
The following is our main theorem: Theorem 3.3. Let f be an automorphism of a closed surface of genus two. If f is extendable over S 3 , then f is standardly extendable over S 3 .
We remark that in [27] , Wang-Wang-Zhang-Zimmermann found some finite, noncyclic subgroups of Homeo(Σ g ) that extend to subgroups of Homeo(S 3 , Σ g ) with respect to some Σ g ֒→ S 3 , but do not extend to those of Homeo(S 3 , Σ g ) with respect to any standard embedding Σ g ֒→ S 3 .
The extendability (standardly extendability, respectively) over S 3 is preserved under conjugation. Indeed, suppose that an automorphism f of Σ g extends to an automorphismf of the pair (S 3 , ι(Σ g )) with respect to an embedding (a standard embedding, respectively) ι : Σ g ֒→ S 3 . Then for any automorphism h of Σ g , f ′ := h −1 • f • h extends tof with respect to the embedding (a standard embedding, respectively) ι • h.
The extendability and standardly extendability, respectively over S 3 are preserved under isotopy as well. In the remaining of the paper, we will not distinguish homeomorphisms from their isotopy classes in their notation unless otherwise mentioned. Here we recall the cyclic Nielsen realization theorem: Theorem 3.4 (Nielsen [23] ). Every element f ∈ MCG(Σ g ) (g ≥ 2) of finite order k has a representative φ ∈ Homeo(Σ g ) of order k.
By this theorem, we have the mapping class version of Theorem 3.2 as follows:
Lemma 3.5. Let f ∈ MCG(Σ 2 ) be an element of finite order. If f is extendable over S 3 , then f is standardly extendable over S 3 .
Remark. The same consequence of Theorem 3.3 holds for a closed surface Σ g with g ≤ 1 as well. The case of Σ 0 is trivial. In fact, every automorphism of Σ 0 is standardly extendable over S 3 by the Schönflies Theorem. Suppose that an automorphism f of Σ 1 extends to an automorphismf of the pair (S 3 , ι(Σ 1 )) with respect to an embedding ι : Σ 1 ֒→ S 3 . Note that at least one of the two components of S 3 cut off by ι(Σ 0 ) is a solid torus V . Then E(V ) is the exterior of a knot. If E(V ) is also a solid torus, there is nothing to prove. Suppose that E(V ) is not a solid torus. We note that in this case we havef (V ) = V . Let µ and λ be the meridian and preferred longitude of V ⊂ S 3 . By the uniqueness of µ and λ, the automorphismf preserves µ and λ. Thus, it is straightforward that f is standardly extendable over S 3 .
Proof of Theorem 3.3.
Let f be an automorphism of a closed surface Σ of genus two. Suppose that f extends to an automorphismf of the pair (S 3 , ι(Σ)) with respect to an embedding ι : Σ ֒→ S 3 . The surface ι(Σ) separates S 3 into two compact 3-manifolds M 1 and M 2 , i.e.
Suppose for a contradiction that f is not standardly extendable over S 3 . Claim 1. After changing ι (and sof ) if necessary, we can assume that M 1 is a handlebody and M 2 is boundary-irreducible.
Proof of Claim 1. By Theorem 1.5 there exist the characteristic compression bodies W 1 and W 2 of M 1 and M 2 , respectively. Then each of W 1 and W 2 is homeomorphic to one of the four compression bodies shown in Figure 2 .
Since ι(Σ) is compressible in S 3 , both ∂ − W 1 and ∂ − W 2 cannot be a closed surface of genus two. Both ∂ − W 1 and ∂ − W 2 cannot be empty as well, otherwise f is extendable over S 3 , which contradict our assumption. If ∂ − W 1 = ∅ (∂ − W 2 = ∅, respectively) and ∂ − W 2 (∂ − W 2 , respectively) is a closed surface of genus two, there is nothing to prove.
Thus we only need to consider the case where at least one of ∂ − W 1 and ∂ − W 2 is a torus or the disjoint union of two tori.
Suppose for example that each of ∂ − W 1 and ∂ − W 2 is a torus. Set 
is not a solid torus. Since any torus in S 3 bounds a solid torus, W 1 ∪ M 2 is a solid torus. By the same reason, W 2 ∪ M 1 is a solid torus. Let λ 1 and λ 2 be the preferred longitudes of W 1 ∪ M 2 and W 2 ∪ M 1 , respectively. We attach two solid tori X 1 and X 2 to W 1 ∪ W 2 by homeomorphisms φ i : ∂X i → T i (i = 1, 2) that send the meridian of ∂X i to λ i . Then the resulting manifold 
By the uniqueness of the preferred longitude,f | W 1 ∪W 2 preserves λ 1 ⊔λ 2 setwise. Thereforê
This implies that f is standardly extendable over S 3 , which is a contradiction.
In a similar way, we can show that if ∂ − W 1 (say) is empty and ∂ − W 2 is a torus; ∂ − W 1 (say) is empty and ∂ − W 2 consists of two tori; ∂ − W 1 (say) is a torus and ∂ − W 2 consists of two tori; or each of ∂ − W 1 and ∂ − W 2 consists of two tori, we can show that f is standardly extendable over S 3 , a contradiction.
When ∂ − W 1 (say) is a torus and ∂ − W 2 is a closed surface of gens two; or ∂ − W 1 (say) consists of two tori and ∂ − W 2 is a closed surface of gens two, a similar argument as above concludes the assertion.
By virtue of Claim 1, in the following we assume that S 3 = V ∪ ι(Σ) M , where V is a handlebody of genus two, and M is boundary-irreducible.
Claim 2. After changing ι (and sof ) if necessary, we can assume that M is atoroidal as well.
Proof of Claim 2. According to the torus decomposition theorem by Jaco-Shalen [12] and Johannson [13] , there exists a unique minimal family T = {T 1 , T 2 , . . . , T m } of mutually disjoint, mutually non-parallel, essential tori such that each component of the manifolds obtained by cutting M along ∪ m i=1 T i is either a Seifert fibered space or a simple manifold. By the uniqueness of T , we may assume thatf preserves ∪ m i=1 T i setwise. By the same argument as in Claim 1, we can eliminate T = {T 1 , T 2 , . . . , T m } by re-embedding Σ into S 3 . Note that if some tori are nested, we can eliminate several tori at once by applying the operation in Claim 1 to the outermost one.
Due to Claim 2, in the remaining of the proof we assume that S 3 = V ∪ ι(Σ) M , where V is a handlebody of genus two, and M is boundary-irreducible and atoroidal.
Suppose that M does not contain essential annuli. Then by Johannson [14] , MCG(M ) is a finite group. Note that this fact can also be checked as follows. By Thurston's hyperbolization theorem [16] and equivariant torus theorems [10] , M admits a hyperbolic structure with totally geodesic boundary. Thus, due to the well-known fact that the isometry group of a compact hyperbolic manifold is finite, see Kojima [20] , MCG(M ) is finite. Consequently, the order of f ∈ MCG(Σ) is finite. Now by Lemma 3.5, f is standardly extandable over S 3 , a contradiction.
Suppose that M contains an essential annulus. By Lemma 1.6 there exists a unique W-system W of M . This set W is not empty. To show this, suppose for a contradiction that W = ∅. Then the result of performing the W-decomposition of M is M itself. Since M contains an essential annulus, clearly M is not simple. Hence by Lemma 1.7, M is either a Seifert fibered space or an I-bundle. Since ∂M is a closed surface of genus two, M is not a Seifert fibered space. Thus M is an I-bundle over a compact surface S. If ∂S = ∅, then M is a handlebody, which is a contradiction. If S is an orientable closed surface, then ∂M is not connected, a contradiction as well. If S is a non-orientable closed surface, then H 1 (M ) contains a non-trivial torsion. This contradicts
Since M is atoroidal, W consists of essential annuli. We will use the classification of the essential annuli in W introduced in Section 2. Since M is boundary-irreducible and atoroidal, M admits none of Types 1, 3-1 and 4-2 essential annuli. In the following, we will prove the non-existence of essential annuli of the other Types.
Claim 3. The W-system W does not contain Type 2-2 annuli.
Proof of Claim 3. Suppose that W contains a Type 2-2 annulus A. Let a 0 be the component of ∂A that is the boundary of an essential disk E in V , and let a 1 be the other component. By cutting V along E, we have two solid tori X 1 and X 2 . Without loss of generality we can assume that a 1 ⊂ ∂X 1 . By the definition of a Type 2-2 annulus, a 1 is the preferred longitude of X 1 . Let µ i (i = 1, 2) be the meridian of X i , and λ 2 be the preferred longitude of X 2 (see Figure 9 (i)). Figure 9 . (i) The curves a 0 , a 1 , µ 1 , µ 2 and λ 2 on ∂V ; (ii) The maps β 1 and β 2 .
By the uniqueness of W (Lemma 1.6), it holdsf n (A) = A for some natural number n. Using 2n instead of n if necessary, we can assume thatf n | V is orientation-preserving. Since a 0 is separating on ∂V whereas a 1 is non-separating,f n does not exchange a 0 and a 1 . Thusf n preserves each of µ 1 , µ 2 and λ 2 . It follows from Cho [3] thatf n is a composition of α, β 1 , β 2 defined as follows. The map α comes from the hyperelliptic involution of ∂V . The maps β 1 and β 2 are the half twists of handles show in Figure  9 (ii). We note that (β 1 • β 2 )| ∂V = T a 0 , where T a 0 is the Dehn twist along a 0 . Then we have β 1 2 | ∂V = β 2 2 | ∂V = T a 0 and β 1 • β 2 −1 = α. Since α, β 1 and β 2 are mutually commutative, we can writef n | V in the form:
n | ∂V is extendable over S 3 , a 0 bounds a disk in M by Theorem 3.1. This contradicts the boundary-irreducibility of M . Hence n 1 + n 2 = 0, and thus we havê
we see thatf n | V is either the identity or α. By Lemma 3.5 f is extendable over S 3 , which is a contradiction.
Claim 4. The W-system W does not contain Type 3-3 annuli.
Proof of Claim 4. Suppose that W contains a Type 3-3 annulus A. Then there exist two disjoint solid tori X 1 and X 2 in S 3 , and an arc τ connecting ∂X 1 and ∂X 2 with V = X 1 ∪X 2 ∪Nbd(τ ) such that A is properly embedded in E(X 1 ⊔X 2 ), and a i := A∩X i (i = 1, 2) is a simple closed curve on ∂X i that does not bound a disk in X i . Let E be the cocore of the 1-handle N (τ ), see Figure 10 (i). Figure 10 . (i) The disk E and the preferred longitudes λ i (i = 1, 2) of X i ; (ii) The map γ.
By Lemma 1.3, E is the unique separating disk in V disjoint from a 1 ∪ a 2 . Let µ i and λ i (i = 1, 2) be the meridian and the preferred longitude of X i . By the uniqueness of W (Lemma 1.6), there exists a natural number n withf n (A) = A. Using 2n instead of n if necessary, we can assume thatf n | V is orientation-preserving. Sincef n preserves a 1 ∪ a 2 , it preserves E as well by Lemma 1.3. Thus µ 1 ∪ µ 2 and λ 1 ∪ λ 2 are also preserved bŷ f n | V . It follows again from Cho [3] thatf n is a composition of α, β 1 , β 2 defined in Case 1, and one more element γ shown in Figure 10 (ii). The hyperelliptic involution α is commutative with the other maps. The maps β 1 , β 2 and γ satisfy β 1 2 | ∂V = β 2 2 | ∂V = T ∂E ,
Hence, we can writef n | V in the form
Then it holds
. The rest of the proof runs as as in Case 1.
Claim 5. The W-system W does not contain Type 4-1 annuli.
Proof of Claim 5. Suppose that W contains a Type 4-1 annulus A. The two circles ∂A are parallel on ∂V , thus cobound an annulus A ′ on ∂V . We note that the union A ∪ A ′ is the boundary of a regular neighborhood N (K) of an Eudave-Muñoz knot K. The annulus A cuts M into the solid torus N (K) and a handlebody W of genus two. The core k A ′ of the annulus A ′ is an essential simple closed curve on V . Set P := Cl(∂V \ A ′ ). P is then a two-holed torus. Since P is incompressible in E(K), (V, k A ′ ) is boundary-irreducible. Thus, by Lemma 1.4, MCG(V, k A ′ )/A(V, k A ′ ) is a finite group. By Lemma 2.8, the relative handlebody (V, k A ′ ) admits no non-separating essential annuli. Since the genus of V is two, the boundary circles of any incompressible, separating annulus B in V is parallel on ∂V . Indeed, each boundary circle of B is essential and separating on ∂V , and two disjoint, separating, essential, simple closed curves on ∂V are parallel on ∂V . Hence the restriction T B | ∂V of the twist T B along B is trivial in MCG(∂V ). It then follows from the wellknown fact that the natural homomorphism MCG(V ) → MCG(∂V ) taking h ∈ MCG(V ) to h| ∂V ∈ MCG(∂V ) is injective, that MCG(V, k A ′ ) it self is a finite group. By the uniqueness of W (Lemma 1.6), there exists a natural number n withf n (A) = A. In particular,f n | V (k A ′ ) ∈ MCG(V, k A ′ ). Therefore, the order off n | V (and so the order of f ) is finite, which contradicts Lemma 3.5.
Claim 6. The W-system W does not contain Type 2-1 annuli.
Proof of Claim 6. Suppose that W contains a Type 2-1 annulus A. By Lemmas 2.3, 2.4, and Claims 3-5, we have W = {A}.
In the following, we show that the order of f is finite, which contradicts Lemma 3.5. Let M 0 be the result of cutting M off by the W-system W = {A}. Then M 0 is also atoroidal. Indeed, suppose not, that is, there exists an essential torus N (a 1 ∪ a 2 ) ). Therefore, we havef n | ∂V \(Nbd(a 1 ∪a 2 )) = id for a natural number n. It follows that there exist natural numbers m 1 and m 2 satisfying 
Suppose that both D 1 and D 2 are primitive disks in V 0 . Since D 1 and D 2 are disjoint, non-parallel, primitive disks in V 0 , there exist disjoint, non-parallel, primitive disks E 1 and E 2 in V 0 such that #(D i ∩ E j ) = δ ij (see Lemma 2.2 in Cho [3] ), where δ ij is the Kronecker delta. Thus V can be isotoped as shown in Figure 12 N (a 1 ∪a 2 ) ) is the identity. Now, the finiteness of the order of f follows from the same argument as in Case 1.
The following is our final claim.
Claim 7. The W-system W does not contain Type 3-2 annuli.
Proof of Claim 7. Suppose that W contains a Type 3-2 annulus A. Set ∂A = a 1 ⊔ a 2 . By Lemma 2.6, for A, the solid torus X in the definition of a Type 3-2 annulus is uniquely determined. Further, by Lemma 2.5, X is a neighborhood of a torus knot or a cable knot, and A is the cabling annulus for X. By Lemma 2.7 and Claims 3-6, the W-system W consists of at most three Type 3-2 annuli.
Suppose first that W = {A, A ′ }. By the uniqueness of W (Lemma 1.6), it holdŝ
By the proof of Lemma 2.7, the primitive curves a 1 and a ′ 1 are not parallel on ∂V . Therefore, attaching 2-handles to V along a 1 and a ′ 1 , and then capping off the resulting boundary by a 3-handle, we obtain a closed 3-manifold N , which is homeomorphic to S 3 . By applying Alexander's tricks step by step,f | V extends to an automorphism of N . This implies that f is extendable over S 3 , which is a contradiction. Similar arguments apply to the case where W consists of three essential annuli.
In what follows, we suppose that W = {A}. Let M 0 , M 1 be the result of cutting M off by the W-system W = {A}, where M 0 ∩ N (τ ) = ∅ for the simple arc τ in E(X) with V = X ∪ N (τ ) (see Figure 13) . Figure 13 . The W-decomposition for E(V ).
We note that ∂M 0 is a closed surface of genus two. By the same argument as in Case 6, M 0 is atoroidal. Thus by considering the characteristic compression body of M 0 , we see that M 0 is either boundary-irreducible or a handlebody of genus two. Suppose that M 0 is boundary-irreducible. By Lemma 1.7, (M 0 , ∂ 0 M 0 ) is simple. Due to Proposition 27.1 of Johannson [13] , MCG(M 0 , ∂ 0 M 0 ) is a finite group. Thus, there exists a natural number n withf n | Cl(∂V \∂M 1 ) = id Cl(∂V \∂M 1 ) . Let c be the core of the annulus ∂V ∩ ∂M 1 (= ∂X ∩ ∂M 1 ). Then for some m we can write f n in the form f n =f n | ∂V = T c m . If m = 0, then c bounds a disk in M by Theorem 3.1. This contradicts the boundary-irreducibility of M . Hence m = 0. Therefore the order of f is finite, which is a contradiction.
Suppose that M 0 is a handlebody of genus two. Since A is the cabling annulus for X, and the annulus A separates E(X) into M 0 ∪ N (τ ) and M 1 , at least one of M 0 ∪ N (τ ) and M 1 is a solid torus.
Case 1: The case where M 0 ∪ N (τ ) is a solid torus and M 1 is the exterior of a non-trivial knot.
This is impossible because, in this case, T := ∂(X ∪ N (A)) ∩ M 1 is an essential torus in M (see Figure 14 (i) ), which contradicts the assumption that M is atoroidal. Case 2: The case where M 0 ∪ N (τ ) is the exterior of a non-trivial knot and M 1 is a solid torus. Set V 0 := M 1 ∪ X ∪ N (τ ) (see Figure 14 (ii)). Let D be the cocore of the 1-handle N (τ ). We note that now S 3 = V 0 ∪ M 0 is a Heegaard splitting of genus two, and D is a non-separating disk in V 0 . The solid torus Cl(V 0 \ N (D)) (= E(M 0 ∪ N (A)) is a regular neighborhood of a non-trivial knot in S 3 . The disk D is thus not a primitive disk in V 0 due to Lemma 2.1 of Cho [3] . By the uniqueness of W, X, and A,f preserves V , M 1 and D. Thus, we can think off as an automorphism of (S 3 , V 0 , D). By Proposition 10.1 of Cho-McCullough [5] , MCG(S 3 , V 0 , D) is a finite group. This implies that for some n, f n is isotopic to the identity via an isotopy preserving V 0 and D. Set B := X ∩ M 1 . B is an incompressible annulus in V 0 . Sincef preserves V , f preserves B as well. Then clearly the above isotopy fromf n to the identity also preserves B. Consequently,f n is isotopic to the identity on ∂V is finite, which is a contradiction.
Case 3: The case where both M 0 ∪ N (τ ) and M 1 are solid tori.
Set V 0 := M 1 ∪X ∪N (τ ) (see again Figure 14 (ii)). Let D be the cocore of the 1-handle N (τ ). The solid torus Cl(V 0 \ N (D)) ( ∼ = E(M 0 ∪ N (A)) is now a regular neighborhood of the trivial knot in S 3 . The disk D is then a primitive disk in V 0 (see Lemma 2.1 of Cho [3] ). We can again think off as an automorphism of (S 3 , V 0 , D). By the argument in Lemma 5.5 of [4] ,f is a composition of α, β, γ shown in Figure 15 . Here α comes from the hyperelliptic involution of ∂V , β is the half twist of a handle, and γ exchanges handles. Both α and γ are order two elements, while the order of γ is infinite. We note that β 2 | ∂V 0 is the Dehn twist along a separating simple closed curve c on ∂V 0 . These elements satisfy α • β = β • α, α • γ = γ • α, and β • γ = α • γ • β. Therefore we can writef 2 | ∂V 0 in the form
Thus we have (f 2 ) 4 = β 4n = T c 2n . Since c ∩ ∂A = ∅, n should be 0. Consequently, for some n,f n is isotopic to the identity via an isotopy preserving V 0 and D. The rest of the proof runs as in Case 2.
By Claims 3-7, M can contain no essential annuli, which is a contradiction. Consequently, f is standardly extendable over S 3 . This completes the proof of Theorem 3.3.
